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Introduction

1. Rationale

Convergent types of the rational functions in C" play an important part in
modern complex analysis, this is the great field because it has many applications
in factise and makes basic elements to studying other issues. One of the classi-
cal problems comple with development processing of mathematic analysis that is
problem concerning to convergent of sequence of the functions. The issues pro-
posed, that relate to convergent of function sequence, is normally to answer the
questions: The given function sequences whether converge or uniformly converge
or not? and converge or uniformly converge to which function? That function is
well known or not yet? How is assumption then the sequence rapidly converge,
rapidly uniformly? Whether pointwise convergence follows uniform convergence?
and so on. In theory of the complex analysis, convergent, uniform convergent of
function sequence relate strictly to its pole. In recent years, by using some tools of
pluripotential theory, the mathematicians in Viet Nam and around the world have
proved so many important results that have hight application such as Gonchar,
T.Bloom, Z. Blocki, Molzon, Alexander... In Viet Nam has NQ. Dieu, LM. Hai,
NX. Hong, PH. Hiep and so on.

Follow that research direction, in this thesis, we study Vitali convergent theorem
with respect to the uniformly unbounded holomorphic functions, convergence of
of formal power series and convergence of sequences of rational functions in C".
The results that relate to this topic can be founded in the papers [1, 24].

2. Objectives

From important results about convergence of sequence of rational functions in

C" recently investigated, we establish some research purposes for the thesis as

follows:
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- Vitali’s theorem with respect to the holomorphic function sequence without
uniform boundedness.

- Giving a class of rational function sequence that rapidly converge.

- Convergence of formal power series in C".

- Convergence of sequences of rational functions in C".
3. Research subjects

- The basic properties and results of convergence of the holomorphic functions,
the rational functions, the plurisubharmonic functions.

- The properties of formal power series and conditions for its convergence.

- The rational functions and the sufficient conditions for its convergence.
4. Methodology

- Use the theory research methods in basic mathematic research with traditional
tool and technique of speciality theory in functional analysis and complex analysis.

- Organize seminars, exchange, discuss and announce research results according
to the course in performing thesis topics, to receive affirmation about scientific
accuracy of the research results in community of speciality scientists in the country
and abroad.
5. The contributions of the thesis

The thesis achieved the research purpose. The result of the thesis contributes
the system of research results, methods, tools and techniques related to conver-
gence, uniform convergence, rapid convergence, convergence in capacity of holo-
morphic functions, plurisubharmonic functions, rational functions and convergence
of formal power series.

- Propose some research tools, techniques and methods to achieve research
purpose.

- Propose some research directions of thesis’ topic.
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6. The scientific and practical significance of the thesis

The scientific result of thesis contributes a small part in completing theory that
relate to convergence holomorphic functions, plurisubharmonic functions, rational
functions in theory of complex analysis. In the aspect of method, thesis contributes
to diversify the system of speciality research tools and techniques, apply concretely
in thesis’ topic and similar topics.
7. Research structure

The thesis’ structure consists the parts: Introduction, Overview, the chapters
present the research results, Conclusion, List of papers used in the thesis, Refer-
ences. The main content of thesis includes four chapters:

Chapter 1. Overview of thesis

Chapter 2. Vitali’s theorem with respect to the holomorphic function
sequence without uniform boundedness

Chapter 3. Convergence of formal power series in C”

Chapter 4. Convergence of sequences of rational functions in C”



Chapter 1

Overview of thesis

Thesis studies three issues around convergence of sequence of the rational func-
tions and formal power series, we will respectively briefly present of these issues

for the reader to follow easily:

1.1 Vitali’s theorem with respect to the holomorphic func-

tion sequence without uniform boundedness

Let D be a domain in C",{f,,}m>1 be a sequence of holomorphic functions
defined on D. A classical theorem of Vitali asserts that if { f,,};,>1 is uniformly
bounded on compact subsets of D and if the sequence is pointwise convergent to
a function f on a subset X of D which is not contained in any complex hypersur-
face of D then {f,,}m>1 converges uniformly on compact subsets of D. We note,
however, that the assumption on uniform boundedness of { f,, },n>1 is essential. In-
deed, using the classical Runge approximation theorem, it is possible to construct
a sequence of polynomials on C that converges pointwise to 0 everywhere except
at the origin where the limit is 1!

We are concerned with finding analogues of the mentioned above theorem of

Vitali in which the locally uniform boundedness of the sequence {f,},>1 under
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consideration is omitted. Gonchar proved the following remarkable result.

Theorem 1.1.1. Let {r,,}.n>1 be a sequence of rational functions in C" (degr,, <
m) converges rapidly in measure on an open set X to a holomorphic function f

defined on a bounded domain D (X C D) i.e., for every e > 0

Hm Agp(z € X ¢ [rm(2) — f(2)|Y™ > €) = 0.
m—o0

Y

Here Xy, is the Lebesque measure in C* = R?*'. Then {ry,}m>1 must converge

rapidly in measure to f on the whole domain D.

Much later, by using techniques of pluripotential theory, Bloom was able to
prove an analogous result in which rapidly convergence in measure is replaced by
rapidly convergence in capacity and the set X is only required to be compact and

non-pluripolar. More precisely, we have the following theore of Bloom.

Theorem 1.1.2. Let f be a holomorphic function defined on a bounded domain
D C C". Let {r,}m> be a sequence of rational functions (degr,, < m) converging
rapidly in capacity to f on a non-pluripolar Borel subset X of D i.e., for every
e>0

lim cap ({z € X : |rm(2) — f(2)|Y™ > e}, D) = 0.

m—o0

Then {rp,}m>1 converges to f rapidly in capacity on D i.e., for every Borel subset

E of D and for every e > 0

lim cap ({z € E: |rm(2) — f(2)|Y™ > €}, D) = 0.

m—00

The main results in Chapter 2 of thesis is as: Theorem 2.2.4, Theorem 2.2.6.
The final result of this chapter will give a example that Theorem 2.2.6 is able to
apply (Proposition 2.3.2).
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1.2 Convergence of formal power series in C".

Our main result is Theorem 3.2.2, giving a condition on the set A in C” so
that for any sequence of formal power series { f,, }m>1 that {fi.|i, }m>1(a € A) is a
convergent sequence of holomorphic functions defined on a disk of radius ry with
center at 0 € C must represent a convergent sequence of holomorphic functions on
some polydisk of radius r1. Moreover, the method of our proving also gives some
estimate on the the side of r1 in terms of ry and A. This may be considered as
global versions of theorems due to Molzon-Levenberg and Alexander mentioned
above. It could be said that our work is rooted in a classical result of Hartogs
which says that a formal power series in C" is convergent if it converges on all

lines through the origin, namely Theorem 3.2.2 and Corollary 3.2.4.

1.3 Convergence of sequences of rational functions on C”

Our aim of this chapter is by known results of Gonchar and Bloom, we give more
general results in which rapid convergence is replaced by weighted convergence.
More precisely, for the set A of functions defined on [0,00) and a sequence of
functions {f,,} defined on D, we say that f,, is convergent to f on £ C D with
respect to A if x(|f, — fI*) — 0 pointwise on E. We now concern with finding
suitable conditions on A and F such that if f,, converges to f on F C D with
respect to A then sequence {f,,} converges to f on D.

The following concept plays a key role in our approach. More precisely, we say
that a sequence { Xy, }m>1 of continuous, real valued functions defined on [0, 00) is
admissible if the following conditions are satisfied:

(1.1) xm > 0 on (0,00), and for every sequence {a,,} C [0,00)

77gfl Xm(am) =0= rlng% a,, = 0.
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(1.2) For each m > 1, x,, is C*~smooth on (0, c0) and

Xom () (O (1) + X3, (8)) = £(x3,(4))* Y € (0, 00).

(1.3) There exists a sequence of continuous real valued function {x,,} defined on

[0, 00) satisfying (1.1), (1.2) and the following additional property

iuzg0<x<8£><y<a(xm((x/y)m)i(ym)) < 00 Va > 0.
Our main result generalizes Theorem of Bloom in that rapidly convergence is
replaced by pointwise convergence with respect to certain admissible weight se-
quence. More precisely, we proved the following theorem: Theorem 4.2.1. We

conclude this problem by giving some examples about admissible sequence satis-

fying the assumptions of Theorem 4.2.1 (Proposition 4.2.7).



Chapter 2

Vitali’s theorem with respect to the
function sequences without uniform

boundedness

We are interested in finding sufficient conditions to a sequence of rational or
holomorphic functions defined on a open set D in C" that pointwise convergent

on a no too small set is convergent in capacity or locally uniform convergent on

D.

2.1 Several auxiliary results

2.2 Rapid convergence of holomorphic functions and ra-

tional functions

We start with the following result with noting that the sequence of holomorphic

functions { f;, }m>1 without locally uniform bounded hypothesis.

Theorem 2.2.1. Let D be a domain in C" and { f, }m>1 be a sequence of bounded
holomorphic functions on D. Suppose that there exists an increasing sequence

{am}m>1 of positive numbers satisfying the following properties:

8



(Z) Hfm—l—l - fm”D < em,
(1i) a := inf,>1 (i1 — o) > 0.
(iii) There exists a non-pluripolar Borel subset X of D and a bounded measurable

function f : X — C such that
| fn(2) = f(2)|Y o — 0,V € X. (2.1)

Then the following assertions hold:

(a) { fm}m>1 converges uniformly on compact sets of D to a holomorphic function
f

(b) For every compact subset K of D we have lim,,_ || frn — fH}(/am = 0.

Corollary 2.2.2. Let {py}m>1 be a sequence of polynomials in C" with degp,, <
m. Assume that there exists a non-pluripolar Borel subset X of C" and a measur-

able function f: X — C such that
lpm () — f(2)|Y™ — 0, Vo e X. (2.2)

Then the following assertions hold:

(a) {pm }m>1 converges uniformly on compact sets of C" to a holomorphic function
f.

(b) For every compact subset K of C" we have lim,, o ||pm — f||}(/m = 0.

The situation is becoming technically more complicated for sequences of rational
functions because of the presence of poles sets. In order to treat these poles sets,

we need the following concept.

Definition 2.2.3. Let V' be an algebraic hypersurface in C" and U be an open
subset of C". We define the degree of V NU to be least integer d so that there
exists a polynomial p of degree d in C" such that V NU ={z € U : p(z) = 0}.

Using above concept, we state the first main result of chapter:
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Theorem 2.2.4. Let {r,,}n>1 be a sequence of rational functions on C" satisfying
the following properties:
(i) There exist a Borel non-pluripolar subset X of C" and a bounded measurable

function f : X — C such that

lim |rp,(x) — f(z)|Y™ =0, Vz € X.

m—0o0
(i1) For every zy € C", there exist an open ball B(zy,r),mg > 1 and X\ € (0,1)
such that

deg(Vi, NB(2,7)) < m?, Ym > my,

where V,,, denotes the pole sets of r.,.
Then there exists a measurable function F : C* — C such that |r,, — F|/™

converges pointwise to 0 outside a set of Lebesgue measure Q.
For the proof, we first need the following lemma.

Lemma 2.2.5. Let {a,,}m>1 be a positive sequence such that o, < m> for some

constant A € (0,1). Then the function
F(t)=>) tm (2.3)
m>1

is well-defined and continuous on [0, 1).

Theorem 2.2.6. Let D be a bounded domain in C" and X C 9D be a compact
subset. Let f be a bounded holomorphic function on D and {r,}mn>1 be a sequence
of rational functions on C". Suppose that the following conditions are satisfied:
(i) For every x € X, the point rx € D for r < 1 and closed enough to 1. Further-
more, if u € PSH(D),u < 0 and satisfies

lim u(rz) = —oc0, Vo € X

r—1-

then u = —o0.
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(i1) For every x € X, there exists the limit

[ (x) == lim f(rzx).

r—1-

1/m

(11i) The sequence |ry, — [*| converges pointwise to 0 on X.

Then the following assertions hold true:

Lm converges in capacity to 0 on D.

(a) The sequence |rp, — f]
(b) There exists a pluripolar subset E of C" with the following property: For every
20 € D\ E and every affine complex subspace L of C" passing through zy, there
exists a subsequence {1y, };>1 such that |rn,, — f |})::j converges to 0 in capacity
(with respect to L). Here D, denotes the connected component of D N L that

contains z.

We firstintroduce the following notation: Let D be a bounded domain in C”
and E be a subset of dD. Then we define the following variant of the relative

extremal function

wr(z, E, D) :=sup{p(z) : ¢ € PSH(D),¢ <0,

limsup ¢(rx) < —1Vx € E}, z € D.

r—1-,re€D

The following lemma uses the property (i) of the set X given in Theorem 2.2.6.

Lemma 2.2.7. Let D be a bounded domain in C" and X be a subset of OD.
Suppose that X satisfies the condition (i) of Theorem 3.6. Then for every sequence
{X;};>1 C 0D such that X; T X we have

lim wr(z, X;,D) <0, Vz € D.

j—00
We also require some standard facts about compactness in the set of plurisubhar-

monic functions.

Lemma 2.2.8. Let {uy, }m>1 be a sequence of plurisubharmonic functions defined

on a domain D in C". Suppose that the sequence is uniformly bounded from above
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on compact subsets of D and does not converge to —oo uniformly on some compact
subset of D. Then the following assertions hold:

(a) There exists a subsequence {up,};>1 converging in L},.(D) to a function u €
PSH(D),u # —o0.

(b) limsup;_, . Uy, < u on D.

(¢) limsup;_, . Uy, = u outside a pluripolar subset of D.

(d) The set {z € D : lim wu,,,(2) = —oo} is pluripolar.

J]—00
The final ingredient is a sufficient condition for a sequence of measurable func-

tions converging in capacity to 0.

Lemma 2.2.9. Let {uy}m>1 be a sequence of plurisubharmonic functions and
{vm}m>1 be a sequence of measurable functions defined on a bounded domain D C
C". Assume that the following conditions are satisfied:

(a) {tm}m>1 1s uniformly bounded from above;

(b) There exists a compact subset X of D such that

inf sup u,,(z) > —oo;
m>1,cx

(¢) Up + vy converges to —oo uniformly on compact subsets of D.

Then the sequence {€"},,>1 converges to 0 in capacity.

2.3 A example about rapidly convergent of the rational

functions

The goal of this section is to provide an example of a sequence of rational func-
tions satisfying the assumptions of Theorem 3.6. More precisely, we will construct
a sequence of rational functions {r,,},,>1 with poles lying outside A such that
{rm}m>1 converges rapidly pointwise to f* on some compact subset of D. Here

f* is the radial boundary values of a bounded holomorphic function f defined
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on the unit disk A. We begin with a general criterion which guarantees rapid

convergence of certain infinite products.

Proposition 2.3.1. Let {r,,}m>1 a sequence of rational functions, D a domain
in C" and { B }m>1 be a sequence of positive numbers. Suppose that the following

conditions are satisfied:

(a) {rm}tm>1 is locally uniformly bounded on D;
(0) Vit oo (3255,41 )™ = 0;

(c) There exists a non-pluripolar subset X of D such that for every x € X, there
exists a constant M, > 0 such that

‘ Tm(x)

— 1| < M8, Ym > 2.
Tm—1()
Then the sequence {ry,}tm>1 converges rapidly uniformly on every compact subset

of D to a holomorphic function f on D.

Proposition 2.3.2. There exist a countable subset A of C\ A with F C A,
a sequence {rm}m>1 of rational functions on C and a holomorphic function f :
C\ A — C which is bounded on A such that the following properties holds true:
(a) The poles of {rm}m>1 are included in A for every m > 1;

(b) {1} m=1 converges rapidly uniformly on compact sets of C\ A to f;

(c) {rm}m>1 converges rapidly pointwise on F'= A\ A to f*, the radial boundary
values of f;

(d) f does not extend through any point of F' to a holomorphic function.



Chapter 3

Convergence of formal power series in C"

In this chapter, we study a sufficient condition so that a formal power series
converges on on sufficiently many sets of complex line passing through the origin

O € C" is convergent on a neighborhood of O € C".

3.1 Several basic knowledges

Firstly, we have proposition about some basic properties of projective pluripolar

sets.

Proposition 3.1.1. (a) If P is a homogeneous polynomial on C" that vanishes

on a non-projective pluripolar set A C C" then P = 0.

(b) A C C" is projective pluripolar if and only if w(A) is pluripolar in C"~1 where

7:C'\ {2, =0} = C" L (2, ,2) = (ﬁ Zn—l).

9 Y
Zn Zn

(c) If A C C" is non-projective pluripolar then the set

A={tz:|t|]<1,z€ A}

14
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1s a set of uniqueness for holomorphic function on the unit ball B, C C" i.e.,

holomorphic function on B, that vanishes on A must be zero everywhere.

3.2 Convergence of formal power series

First, we have the following lemma:

Lemma 3.2.1. Let {u}r>1 C HPSH(C") be a sequence of locally bounded from

above functions. Set

w:=limsupug; S :={z=(21,....,2,) € C" 1 u(z) < u*(2); 2, # 0}.

k—o0

Then ©(S) is pluripolar in C"L,
The main result of this chapter is the following theorem:

Theorem 3.2.2. Let A C C" be a non-projective pluripolar set, {fn}m>1 be a
sequence of formal power series in C" and ry be a positive number. Then the
following assertions hold:

(a) If for every a € A the restriction of { fi }m>1 onl, is a sequence of holomorphic
functions on the disk A(0,ry) C C which is uniformly bounded on compact sets then
there exists r1 > 0 (depending only on ro, A) such that { f}m>1 defines a sequence
of holomorphic functions on the polydisk A™(0,r1) which is also uniformly bounded
on compact sets.

(b) If for every a € A the restriction of { fi}m>1 on l, is a sequence of holomorphic

functions on the disk A(0,ry) C C which is uniformly convergent on compact sets
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then there exists r1 > 0 (depending only on 1o, A) such that {f,,}m>1 represents

a sequence of holomorphic functions that converges uniformly on compact sets of

A”(O, 7”1).

Corollary 3.2.3. Let f : B, — C be a C*°—smooth function and A C 0B, be an
open set. Assume that the restriction of f on l, is an entire function on C for
every a € A. Then there exists an entire function F' on C" such that F' = f on

B, N, for every a € A.
The above corollary follows directly from the following statement.

Corollary 3.2.4. Let {f,}m>1 be a sequence of C*°—smooth functions defines on
the unit ball B, C C" and A C 0B,, be an open set. Suppose that for every a € A,
the restriction of { fi}m>1 on l, extends to be a sequence of entire functions on C
which is uniformly convergent on compact sets of C. Then there exists a sequence
of entire functions {F,,}m>1 on C" which is uniformly convergent on compact sets

in C" such that for each m > 1, F,, = f,, on B, N1, for every a € A.



Chapter 4

Convergence of sequences of rational

functions on C"

In this chapter, we will present the sufficient conditions so that a sequence of
rational functions is convergence in capacity on a domain if this function sequence

rapidly converges pointwise on a set that it is not too small.

4.1 Several auxiliary results

Lemma 4.1.2 Let {xmm}m>1 and {Xm }m>1 be sequences satisfying (1,1), (1,2) and
(1.3). Then the following statements are true:
(a) xm(0) = 0 as m — oo.

(b) The functions t — % and t — téh((tt)) are increasing on (0,00) for every m.

(¢) Xm, Xm are strictly increasing on (0, 00).

(d) sup,,>1(xm(a™) + Xm(a™)) < oo for every a > 0.

17



18

4.2 The weighted convergence of the rational functions

The main result of this chapter is the following theorem.

Theorem 4.2.1. Let {r;,,}m>1 be a sequence of rational functions on C", f be a
holomorphic function defined on a domain D C C" and A = {Xm}m>1 be an
admissible sequence. Suppose that {ry,}m>1 is A—pointwise convergent to f on a
non-pluripolar Borel subset X of D. Then the following assertions hold.

(a) {rm}m>1 is A—convergent in capacity to f on D.

(b) There exists a pluripolar subset E of C" with the following property: For
every zo € D\ E and every affine complexr subspace L of C" passing through

18

2y, there exists a subsequence {rp, };>1 (depending only on z) such that ry,, .

D
A—convergent in capacity (with respect to D, ) to f|p.,, where D, is the connected
component of D N L that contains z.

(c) Suppose that for every a > 0 we have inf,,>1 xm(a™) > 0. Then the sequence

{rm}m>1 1s A—uniformly convergent to f on any compact subset K of D such that

rm has no pole on a fixed open neighbourhood U of K for every m.

In the following lemma, the first two properties of admissible sequences keep

the important role.

Lemma 4.2.2. Let x : [0,00) — [0,00) be a continuous, real valued function
satisfying the following properties:

(a) x € C?(0,00) and x(t) > 0 for every t > 0.
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(b) x(®)(X'(8) +X"(t)) = tx'(£)* on (0, 00).
Then for any holomorphic function f defined on a domain D C C", the function

u = log x(|f|?) is plurisubharmonic on D.

Theorem 4.2.1 (c) give us a similar result as Theorem 4.2.1 in the case for a

sequence of polynomials.

Proposition 4.2.3. Let {py, }m>1 be a sequence of polynomials on C"(1 < degp,, <
m) and f be a holomorphic function defined on a bounded domain D C C". Let
A = {xm}tm>1 be a sequence of continuous real valued functions defined on [0, 00)

that satisfies (1.1), (1.2) and the following extra condition

sup xm(a™) < oo, Ya > 0.
m>1

Suppose that {pm,tm>1 is A—pointwise convergent to f on a non-pluripolar Borel
subset X of D. Then {pn}m>1 is A—uniform convergent to f on compact sets of

D.

We also have similar result about sequence of polynomials in R".

Corollary 4.2.4. Let f be a real analytic function defined on a domain D C
Ry 00 {pm }m>1 be a sequence of polynomials (1 < degp,, < m). Let A :=
{Xm}m>1 be a sequence of C%—smooth non-negative functions as in Proposition

3.3. Assume that {pm}m>1 18 A—pointwise convergent to f on a subset of positive

measure X of D. Then {pn}m>1 is A—uniformly convergent to f on compact sets

of D.
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The next result covers the theorem of Bloom mentioned in the introduction.

Corollary 4.2.5. Let f be a holomorphic function on a domain D C C" and
{rm}m>1 a sequence of rational functions that converges rapidly in capacity to f
on a non-pluripolar compact subset K of D. Then {r,,}m>1 converges rapidly in

capacity to f on D.

Corollary 4.2.6. Let {r,,}m>1 be a sequence of rational functions on C", f be
a holomorphic on an open ball B and A := {xm}m>1 be an admissible sequence.
Suppose that {ry,}m>1 is A—pointwise convergent to f on a non-pluripolar Borel
subset X of B. Then the natural domain of existence of f, denoted by Wy, is a

subset of C" and {rp }m>1 is A—convergent in capacity to f on Wy.

We conclude this chapter by providing explicit examples of admissible sequences

satisfying the assumption of Theorem 4.2.1.

Proposition 4.2.7. Let {h,,}m>1 be a sequence of C1—smooth, real valued func-
tions defined on (0,00) that satisfies the following conditions:

(a) hy, is increasing.

() 0 < hpn(t) < 5= Vm > 1,Vt > 0.

Then the sequence {xm}m>1 defined by

t hm(z)

Xm(t) = e/t 75 ¢

is admissible and satisfies the additional condition given in Theorem 3.1 (c).



Conclusion and recommendation

I. Conclusion
The thesis studied convergence of rational functions and achieved the following
main results:
1. Prove a type of Vitali convergent theorem of sequence of rational functions
with the condition about pole of this rational function sequence (Theorem 2.2.4).
2.Prove a extension type of theorem of Bloom (Theorem 2.2.6) when convergence of
rational function sequence considered on boundary of the given bounded domain.
3. Give the example of situation that Theorem 2.2.6 is able to apply.
4. Theorem 3.2.2 gave a condition on the set A in C" so that for any sequence of
formal power series { f;, }m>1 with { fin|i, }m>1(a € A) is the convergent sequence of
holomorphic functions defined on a disk, that has radius ry with center at 0 € C,
will perform a convergent sequence of holomorphic functions on a ball (possibly
smaller) with radius r;.
5. Theorem 4.2.1 generalizes Theorem 2.1 of Bloom in which rapid convergent is
replaced by pointwise convergent with respect to a acceptable weighted sequence.
II. Recommendation

From the resuts of thesis in research process, we recommend some next research
directions as follow:
1. In Theorem 3.2.2 we do not know whether uniform convergence of family
{fmli, }m>1 on the compact sets of A(0,r) is possibly replaced by normality of
this family on A(0,r) or not?
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2. Assumption of pole distribution (ii) in Theorem 2.2.4 is strict. We want to
find example to replace this condition that is necessary or prove Theorem 2.2.4
without this condition.
3. The concept of convergence via an acceptable weighted sequence is able to
apply for the functions that omit holomorphic or rational functions. Whether we
have similar theorems such as Theorem 4.2.1 for sequence of plurisubharmonic
functions or differentiable or not?

The answer still requires us to continue further research. Finally, we really

expect to receive and discuss new research directions related to thesis’ topic.
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